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Abstract
Using the Noether Charge formulation, we study a perturbation
of the conserved gravitating system. By requiring the boundary term
in the variation of the Hamiltonian to depend only on the symplec-
tic structure, we propose a general prescription for defining quasi-
local “conserved quantities” (i.e. in the situation when the gravitat-
ing system has a non-vanishing energy flux). Applications include
energy-momentum and angular momentum at spatial and null infin-
ity, asymptotically anti-deSitter spacetimes, and thermodynamics of
the isolated horizons.
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Consider a general diffeomorphism-invariant field theory in n dimensions
with a Lagrangian n-form L(φ), where φ denotes an arbitrary collection of
dynamical fields. The equations of motion, E = 0, are obtained by computing
the first variation of the Lagrangian,
δL = Eδφ+ dΘ(φ, δφ), (1)
where Θ(φ, δφ) is the symplectic potential (n − 1)-form[1]. For any diffeo-
morphism generated by a smooth vector field ξa , one can define a conserved
Noether current (n−1)-form J(ξ) (also known as the “covariant Hamiltonian
(n− 1)-form” [3] in the first order formulation) by
J(ξ) = Θ(φ,£ξφ)− iξL, (2)
where £ξ denotes the Lie derivative and iξ is the inner product. On shell,
the Noether current is closed, and can be written in terms of an (n−2)-form
Q(ξ) (the Noether charge) as J(ξ) = dQ(ξ). The variation of the Noether
current (n− 1)-form is given by
δJ(ξ) = ω(φ, δφ,£ξφ) + diξΘ(φ, δφ), (3)
where ω is the symplectic current (n− 1)-form defined by
ω(δ1φ, δ2φ) = δ1Θ(φ, δ2φ)− δ2Θ(φ, δ1φ). (4)
Its integral over a Cauchy surface Σ defines the presymplectic form Ω . Note
that it has ambiguities inherent in the definition, but the ambiguities (in Θ)
do not appear to give rise to an ambiguity in the definition of Ω for suitable
asymptotic conditions on the dynamical fields. We assume that such suitable
asymptotic conditions have been imposed so that the presymplectic form is
well-defined [4] .
Now, consider a perturbation process from an initial state at Σ0 to a final
state at Σ such that ξa is normal to both ∂Σ0 and ∂Σ. Integrate and vary
the perturbed Noether current (n− 1)-form ∆J(ξ) = J(ξ)|∂Σ − J(ξ)|∂Σ0 we
obtain
δ
∫
∆J(ξ) =
∫
∆ω(φ, δφ,£ξφ) +
∮
iξ∆Θ(φ, δφ). (5)
In order for the boundary to have a symplectic structure, we subtract a total
variation term,
δ
∫
∆J(ξ)−diξΘ(φ,∆φ) =
∫
∆ω(φ, δφ,£ξφ)+
∮
iξ[∆Θ(φ, δφ)−δΘ(φ,∆φ)],
2
then the last term has a symplectic structure. Now we are ready to define a
“conserved quantity” H(ξ) by
H(ξ) =
∫
∆J(ξ)− diξΘ(φ,∆φ), (6)
and thus its variation is
δH(ξ) =
∫
∆ω(φ, δφ,£ξφ)−
∮
iξω(φ, δφ,∆φ). (7)
In conclusion we briefly consider applications in the following two cases:
• Case I,
∮
iξω(φ, δφ,∆φ) = 0.
In this case, there exist a Hamiltonian and is given by H(ξ) = H(ξ).
Examples are (a) spatial infinity: by taking the initial state φ0 to be
flat spacetimes, it gives the ADM mass [5] ; (b) asymptotically anti-
deSitter spacetimes: by taking the initial state φ0 to be the anti-deSitter
metric, we obtain the desirable conserved quantities [6] ; (c) For black
hole event horizons or isolated horizons[7], take the vector field ξa to
be the killing field or the null vector normal to the horizons. In these
cases, conserved quantities are well-defined.
• Case II,
∮
iξω(φ, δφ,∆φ) 6= 0.
In this case, there does not exist a Hamiltonian but H(ξ) defines a
“conserved quantity”. It satisfies the consistency check[2] (δ2H(ξ) = 0),
and since it depends only on the symplectic structure, H(ξ) is unique
(independent of which dynamical variables are chosen) and well-defined
(although it is not conserved). Our proposed definition (7) includes a
nonzero energy flux such that £ξH(ξ) = −
∮
iξω(φ,£ξφ,∆φ) gives the
energy loss formula. This arises in radiating systems (such as at null
infinity) as described by Wald and Zoupas[2]. At null infinity, it gives
the Bondi energy formula. By considering the boundary at the isolated
horizons, it is possible that we may use the ideas presented here to study
perturbations of the thermodynamical quantities such as entropy.
We would like to thank Jim Nester and Bob Wald for helpful discussions.
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